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Abstract-It is proved in this paper that the scattering amplitude Aq(cd,a) at fixed energy for 
potentials with compact support cannot be a finite rank kernel in the basis of spherical harmonics. 
A similar result is proved also for the scattering amplitude in the obstacle scattering problem. 
1. INTRODUCTION 
Let q(z) E Qa := {q : q = i?j, q(z) E L2(R3), q(z) = 0 for 1x1 > a}, a > 0 is an arbitrary large 
fixed number, the bar stands for complex conjugate. 
The scattering problem consists of finding the scattering solution U(Z, cry> from the equation 
&u := [V2 + 1 - q(z)] u = 0, in lR3, 




The energy k2 = 1 is fixed, the coefficient Ag(cr’, a) := A(&, a) is called the scattering amplitude, 
a E S2 is a given unit vector, S2 is the unit sphere. 
One can write [l] 
Ata’, a) = FAeb) Ye(a’), Ae(ct) := A(a’, a) Ye(d)&‘, 
e=o s SZ 
(3) 
where Ye(o) are tho orthonormal spherical harmonics, c,“=, := C,“=, Ck=_,, Ye := Yem. In [l] 
the question was posed: can the scattering amplitude have the form: 
A(a’,a) = 2 Aeel Ye(a) &(a’), 
ez=o 
where L < oo? (4) 
Here Aee, are some constants. The operator (4) is a finite rank kernel in L2(S2). In particular, 
it was proved in [1,2] that (4) is not possible with L = 0, that is, no q E Qa, q f 0, produces 
constant scattering amplitude at any fixed energy. 
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It was conjectured in [l] that A(a’, cz) cannot be a finite rank kernel unless q z 0. In this 
paper, we prove the conjecture in a slightly stronger form. Namely, A(cY’,cY) cannot be of the 
form 
A(o’, o) = 5 At(o) Ye@‘), with L < co, (5) 
e=o 
unless q s 0, q E Q,. Moreover, we prove an even stronger result for obstacle scattering. Namely, 
let Ar(cr’,a) := A( (Y’, cz) be the scattering problem [3]. Then no coefficient At(a) can vanish for 
all (I! E S2 unless the obstacle is a ball. 
Let us recall the statement of the obstacle scattering problem [3]. Let D c R3 be a finite 
region with a sufficiently smooth connected boundary I’ (I E C2 is sufficient). Let D’ := R3 \ D. 
Consider the obstacle scattering problem: 
(V2 -I- 1)~ = 0, in D’, u = 0, on I, (6) 
u = exp(i a * x) + Ar(c2, CY) - exP(ir) +. 1 
0 
T = 1x1 + Ccl, cl’ = 5 
T f ’ T (7) 
The coefficient Ar(d, CX) is called the scattering amplitude (at a fixed frequency k = 1). We use 
essentially the result in [4], property C with constraints. In Section 2, the results are formulated, 
and in Section 3, the proofs are given. 
2. STATEMENT OF THE RESULTS 
THEOREM 1. If q E Q, and (5) holds then q(x) E 0. 
THEOREM 2. If A(a’,a) := A r CY’, cy) is represented by the series (3) and At, (CX) = 0 ‘d (Y E S2 ( 
for some & 2 0 then F is a sphere. 
3. PROOFS 
PROOF OF THEOREM 1. It is well-known (see, e.g., [l]) that 
-47r A, (cd, a) = 
J 
exp( -i (Y’ . x) q(x) u(x, cu) dx, 
IdSa 
(8) 
where ~(2, CX) is the scattering solution. 
Using the known formula 
exp(-ia . X) = 2 47r(-i)eje(r) Ye(o’) Ye(XO), 
e=o 
T := Jz], X0 = : (9) r’ 
where je(r) are the spherical Bessel functions, and formulas (8) and (4), one gets 
s je(r) &(x0) ~(5, a) q(x) dx = 0, for e > L. (10) 
14% 
The integral in (10) is actually taken over the support D of q(z), D C B, := {x : 1x1 5 a}. It is 
proved in [l, p. 45, Theorem 21 that the set {zl(x,a)} vaEs2 is complete (in L2(D) norm) in the 
set ND(C,) := { w:!,w=OinD, WEH~(D)}. Th e set {je(r) Ye(x’)}ve>o is complete (in the 
L2(D) norm) in ND(&), .& := V2 + 1. The pair {!?o,&} has property C ([l, p. 45, Theorem 11). 
Finally, by the result in [4] concerning property C with constraints, it follows that the set 
Ge(r)Ye(xO) ( 1 u 2, ~1: vaE~z,vt>~, where L is an arbitrary large fixed number, is complete in L2(D). 
Therefore (10) implies that q(x) = 0. Theorem 1 is proved. I 
Scattering amplitude 
PROOF OF THEOREM 2. It is well-known [3] that 
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where UN is the normal derivative at the boundary of the scattering solution (6), (7). Using (9) 
and (11) one gets 
-At(a) = (-i)‘/ j&l) &(s”) t@,(s, (Y) ds, So := i. (12) 
r 
Assume that 
J jb(tS))Yeo(s’)uN(s,a)ds =o, Va E 9. (13) 
r 
It is proved in [l, p. 183, Lemma 31 that the set (uN(s, a)}vrrE~2 is complete in L2(I’). Therefore, 
it follows from (13) that 
j&&])Ye,(sO) = 0, v’s E r, so := s. 
I4 (14) 
Let T = r(s”) be the equation of T. This can be assumed globally if I’ is star-shaped with respect 
to some of its interior point. If l? is not star-shaped, then one may assume the above equation 
locally. Since Ye,(sO) does not vanish on open sets in S2, equation (14) implies 
M-(sO)) = 9, for almost all so E S2. (15) 
Since the function j!(r) has only isolated zeros, it follows from (15) that r(s”) = const. This 
means that l? is a sphere. 
Theorem 2 is proved. I 
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